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Abstract
In this paper, quarters of a fuzzy number are deﬁned and investigated. The location of quarters in different types
of a fuzzy number are obtained. A new approach for defuzziﬁcation of a fuzzy number based on quarters and its
application for ranking fuzzy number is presented.
Keywords: Fuzzy numbers; Defuzziﬁcation; Quarter of a fuzzy number.
1 Introduction
Representing fuzzy numbers by proper intervals or crisp value is an interesting and important problem. An interval
or crisp value representation of a fuzzy number may have many useful applications. For example, it may be applied
to a comparison of fuzzy numbers by using the order relations deﬁned on the set of interval numbers. Various authors
in [5, 7, 8, 16, 20] have studied the crisp approximation of fuzzy sets. They proposed a rough theoretic deﬁnition of
the crisp approximation, called the nearest interval approximation of a fuzzy set. Clearly, approximation of the given
fuzzy number is not unique. Thus, this article will not discuss about uniqueness of approximation of given fuzzy
number.
In [16], the authors developed the theory and applications of fuzzy numbers. In order to summarize information
contained in a fuzzy number, several characteristics of fuzzy numbers have been proposed [5]. Some of them, e.g., the
median value, modal value or variance, have been motivated by descriptive statistics analysis of crisp data, for more
details see [7, 16, 19, 24].
Recently, the author of [5] introduced the median value and the median interval of a fuzzy number in different types
of fuzzy numbers. Median value is a value from the support of fuzzy number that equally divides the area under the
membership function of a fuzzy number. Also, in [5], central value and central interval of a fuzzy number proposed.
Many authors have proposed the various methods or applications for ranking fuzzy numbers. In [6], the authors
reviewed some methods to rank fuzzy numbers. Chen and Hwang [9] proposed fuzzy multiple attribute decision
making. The authors of [10] proposed an index for ordering fuzzy numbers. To study the other methods for ranking
fuzzy numbers, see [1-3,11-14,17,18,21-23,26] Here, we introduce the quarters of a fuzzy number and suggest a
proposal for extension of median value of a fuzzy number to ﬁnd a new defuzziﬁcation based on quarters of given
fuzzy number. Therefore, by the means of this defuzziﬁcation, we can propose a new method for ranking fuzzy
numbers.
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The paper is organized as follows: In Section 2, we recalls some fundamental results on fuzzy numbers. In Section 3,
the quarters of a fuzzy number are introduced. In this Section some remarks are proposed and illustrated. Proposed
method for ranking of fuzzy numbers based on quarters is given in the Section 4. The paper ends with conclusions in
Section 5.
2 Preliminaries
A real fuzzy number can be deﬁned as a fuzzy subset of the real line Â, which is convex and normal. That is, for
a fuzzy number A of Â deﬁned by membership function mA(x), x ∈Â, the following relations exist:
max
x
mA(x) = 1; (2.1)
mA(lx1+(1−l)x2) ≥ min[mA(x1);mA(x2)]; (2.2)
where x1;x2 ∈ Â;∀l ∈ [0;1]: A fuzzy number A with the membership function A(x), x ∈ Â, can be deﬁned as follows
[27]:
mA(x) =

  
  
AL(x); a ≤ x ≤ b;
1; b ≤ x ≤ c;
AR(x); c ≤ x ≤ d;
0; otherwise;
(2.3)
where AL(x) is the left membership function that is an increasing function and AL(x) : [a;b] → [0;1]. Meanwhile,
AR(x) is the right membership function that is a decreasing function and AR(x) : [c;d] → [0;1]: In this paper, we
assume that A is a fuzzy number with form A = (a;b;c;d)n,
mA(x) =

  
  
g(x) =
(x−a
b−a
)n when x ∈ [a ; b);
1 when x ∈ [b;c];
h(x) =
(d−x
d−c
)n
when x ∈ (c; d];
0 otherwise:
For n = 1, fuzzy number A is known as a trapezoidal fuzzy number. Assume that every fuzzy number is bounded; i.e.
−¥ < a;d < ¥. The support of fuzzy number A is denoted as supp(A) and obtained by {x ∈ Â|A(x) > 0} and the
core(A) leads to a set such that {x ∈ Â|A(x) = 1}.
The a −cuts (level sets) of fuzzy number A can be obtained as follows:
Aa = {x ∈ Â|mA(x) ≥ a}; a ∈ [0;1]; (2.4)
where Aa is a convex subset belong to Â. The lower and upper limits of a −cut A are deﬁned as:
A(a) = inf{x|A(x) ≥ a}; (2.5)
A(a) = sup{x|A(x) ≥ a}; (2.6)
where A(1)−A(0) and A(0)−A(1) are left and right spreads for each fuzzy number A, respectively.
Cardinality of a fuzzy number, A, described by Eq. (2.3), is deﬁne as follows [5]:
cardA =
∫ d
a
mA(x)dx =
∫ 1
0
(A(a)−A(a))dx
Remark 2.1. [5] If A = (a;b;c;d)n then for all a ∈ [0;1]
Aa=[A(a);A(a)] =
[
a+a
1
n (b−a);d−a
1
n (d−c)
]
;
cardA =
b−a
n+1
+(c−b)+
d−c
n+1
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Deﬁnition 2.1. [5] The median value of a fuzzy number A = (a;b;c;d)n is the real number mA from the support of A
such that ∫ mA
a
mA(x)dx =
∫ d
mA
mA(x)dx
For practical purpose, this expression can be rewritten as
∫ mA
a
mA(x)dx = 0:5cardA
In [5], the author classifed fuzzy numbers with respect to the ”distribution” of their cardinality as follows:
a fuzzy number A is called
1. a fuzzy number with equally heavy tail if
∫ b
a
mA(x)dx =
∫ d
c
mA(x)dx ;
2. a fuzzy number with light tail if
max
{∫ b
a
mA(x)dx;
∫ d
c
mA(x)dx
}
≤ 0:5
∫ d
a
mA(x)dx ;
3. a fuzzy number with a heavy left tail if
∫ b
a
mA(x)dx > 0:5
∫ d
a
mA(x)dx ;
4. a fuzzy number with a heavy right tail if
∫ d
c
mA(x)dx > 0:5
∫ d
a
mA(x)dx :
3 Quarters of a fuzzy number
Deﬁnition 3.1. Let A = (a;b;c;d)n be a fuzzy number. i−th quarter of a fuzzy number A from the support of A
denoted by Qi; i = 1;2;3; is deﬁned by ∫ Qi
a
mA(x)dx =
i
4
cardA:
Obviously, the deﬁnition of Q2 is the same as the median value in Deﬁnition (2.1).
Our aim is to survey the location quarters in fuzzy number A.
Theorem 3.1. If A = (a;b;c;d)n is a fuzzy number with light tail, then
Q2 =
b+c
2
+
1
2
(
∫ d
c
mA(x)dx−
∫ b
a
mA(x)dx); (3.7)
∫ Q1
a
mA(x)dx =
∫ Q2
Q1
mA(x)dx; (3.8)
Q3 =



Q2+ 1
4cardA; b < Q3 < c;
d−{(c−Q2− 1
4cardA+ d−c
n+1)(n+1)(d−c)n}
1
n+1; Q3 > c;
(3.9)
mA(Q2) = 1:
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Proof. Clearly, we have
max
{∫ b
a
mA(x)dx;
∫ d
c
mA(x)dx
}
≤ 0:5
∫ d
a
mA(x)dx:
Therefore, the value of Q2 must be in the core of A [5]. Then
∫ b
a
mA(x)dx+
∫ Q2
b
dx =
∫ c
Q2
dx+
∫ d
c
mA(x)dx;
∫ b
a
mA(x)dx+Q2−b = c−Q2+
∫ d
c
mA(x)dx;
Q2=
b+c
2
+0:5
(∫ d
c
mA(x)dx−
∫ b
a
mA(x)dx
)
:
Now, we want to prove equality in (3.8). We know that Q2 is the same as median value. And also, the median value
of a fuzzy number A equally divides the area under the membership function of A. Now, according to this fact that the
ﬁrst quarter is one fourth of cardinality of A, then
∫ Q1
a
mA(x)dx =
1
4
cardA=
∫ Q2
a mA(x)dx
2
;
∫ Q1
a
mA(x)dx=
1
2
(∫ Q1
a
mA(x)dx+
∫ Q2
Q1
mA(x)dx
)
;
1
2
∫ Q1
a
mA(x)dx =
1
2
∫ Q2
Q1
mA(x)dx ⇒
∫ Q1
a
mA(x)dx =
∫ Q2
Q1
mA(x)dx:
For obtaining Q3 , we use the equality ∫ Q3
Q2
mA(x)dx =
∫ Q1
a
mA(x)dx:
If Q3 ∈ (b; c) then
∫ Q3
Q2
dx=
∫ Q1
a
mA(x)dx ⇒ Q3−Q2=
1
4
cardA ⇒ Q3 = Q2+
1
4
cardA:
And also, for Q3 > c, we have: ∫ c
Q2
dx+
∫ Q3
c
(
d−x
d−c
)n
dx =
1
4
cardA;
(c−Q2)−
1
(d−c)
n
∫ Q3
c
(d−x)
ndx =
1
4
cardA;
(c−Q2)+
1
(d−c)
n
∫ d−Q3
d−c
(t)
ndt =
1
4
cardA;
and hence
Q3 = d−{(c−Q2−
1
4
cardA+
d−c
n+1
)(n+1)(d−c)n}
1
n+1:
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Theorem 3.2. If A = (a;b;c;d)n has equally heavy tails, then
Q2=
b+c
2
; mA(Q2)=1;
Q1 =



b+c
2 −1
4cardA; b < Q1 < c;
a+[(b−a)n+1+(c−b
2 − 1
4cardA)(b−a)n(n+1)]
1
n+1; Q1 < b;
(3.10)
Q3 =



b+c
2 +1
4cardA; b < Q3 < c;
d−[(c−b
2 + d−c
n+1 − 1
4cardA)(n+1)(d−c)n]
1
n+1; Q3 > c;
(3.11)
Proof. We obtain Q2 by using the deﬁnition of a fuzzy number with equally heavy tails and using the proof of the
previous theorem as follows:
Q2=
b+c
2
+0:5
(∫ d
c
mA(x)dx−
∫ b
a
mA(x)dx
)
=
b+c
2
:
Assume that Q1 ∈ (b; c). We have
∫ Q2
Q1
mA(x)dx =
∫ b+c
2
Q1
dx =
1
4
cardA:
Hence
Q1=
b+c
2
−
1
4
cardA:
Now, assume that Q1 < b. We have:
∫ b
Q1
(
x−a
b−a
)n
dx+
∫ b+c
2
b
dx=
1
4
cardA:
Hence
Q1 = a+[(b−a)n+1+(
c−b
2
−
1
4
cardA)(b−a)n(n+1)]
1
n+1:
Assume that Q3 ∈ (b; c). Then
∫ Q3
Q2
mA(x)dx =
1
4
cardA =
∫ Q3
b+c
2
dx;
Q3=
b+c
2
+
1
4
cardA:
Also, if Q3 > c, we have: ∫ c
b+c
2
dx+
∫ Q3
c
(
d−x
d−c
)n
dx=
1
4
cardA:
If substitute t = d−x in second integral, we will get:
(
c−
b+c
2
)
−
1
(d−c)
n
[
tn+1
n+1
]d−Q3
d−c
=
1
4
cardA;
Q3 = d−[(
c−b
2
+
d−c
n+1
−
1
4
cardA)(n+1)(d−c)n]
1
n+1:
Obviously, if A has a heavy left (right) tail then Q2 is not located in the core of A but it is shifted to the left (right) end
of the support of A.
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Theorem 3.3. Let A = (a;b;c;d)n. If A has a heavy left tail, then
Q2 = a+
(
(b−a)
n
2
(n+1)cardA
) 1
(n+1)
; (3.12)
Q1=a+
(
(b−a)
n
4
(n+1)cardA
) 1
(n+1)
; (3.13)
Q3 =

     
     
(3
4(b−a)n(n+1)cardA
) 1
n+1 +a; Q3 < b;
3
4cardA+b− b−a
n+1; b ≤ Q3 < c;
d−
(1
4cardA(n+1)(d−c)n) 1
n+1 ; Q3 ≥ c:
(3.14)
Also, if A has a heavy right tail, then
Q3=d−
(
(d−c)n
4
(n+1)cardA
) 1
(n+1)
: (3.15)
Q2=d−
(
(d−c)
n
2
(n+1)cardA
) 1
(n+1)
; (3.16)
Q1 =

     
     
(1
4(b−a)n(n+1)cardA
) 1
n+1 +a; Q1 < b;
cardA
4 +b− b−a
n+1; b ≤ Q1 < c;
d−
(3
4cardA(n+1)(d−c)n) 1
n+1 ; c ≤ Q1 < Q3:
(3.17)
Proof. Suppose that A has a heavy left tail. Then Q2 ∈ (a; b) [5]. Also, we have:
∫ Q2
a
(
x−a
b−a
)n
dx =
cardA
2
:
After substitution t = x−a in the above integral, we will get
∫ Q2−a
0
tndt =
(b−a)
n
2
cardA ;
[
tn+1
n+1
]Q2−a
0
=
(b−a)
n
2
cardA ;
(Q2−a)
n+1 =
(b−a)
n
2
(n+1)cardA ;
Q2−a =
(
(b−a)
n
2
(n+1)cardA
) 1
(n+1)
;
Q2 = a+
(
(b−a)
n
2
(n+1)cardA
) 1
(n+1)
;
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which proves (3.12). The proof of (3.13) do as follows:
∫ Q1
a
(
x−a
b−a
)n
dx =
1
4
cardA;
∫ Q1−a
0
tndt =
(b−a)
n
4
cardA ;
[
tn+1
n+1
]Q1−a
0
=
(b−a)
n
4
cardA ;
(Q1−a)
n+1 =
(b−a)
n
4
(n+1)cardA ;
Q1−a =
(
(b−a)
n
4
(n+1)cardA
) 1
(n+1)
;
Q1 = a+
(
(b−a)
n
4
(n+1)cardA
) 1
(n+1)
:
Now, we prove (3.14). Proving (3.14) is done in tree cases.
Case 1: Suppose that Q3 ∈ (a;b). We have:
∫ Q3
a
m(x)dx =
3
4
cardA;
and hence
Q3 = {
3
4
(b−a)n(n+1)cardA}
1
n+1 +a: (3.18)
Case 2: Suppose that Q3 ∈ [b;c). Using Deﬁnition 3. 1, we have:
∫ Q3
a
m(x)dx =
3
4
cardA;
∫ b
a
m(x)dx+
∫ Q3
b
dx =
3
4
cardA;
and hence
Q3 =
3
4
cardA+b−
b−a
n+1
: (3.19)
Case 3: Suppose that Q3 ≥ c. We have: ∫ Q3
a
m(x)dx =
3
4
cardA;
∫ b
a
m(x)dx+
∫ c
b
dx+
∫ Q3
c
m(x)dx =
3
4
cardA;
and hence
Q3 = d−{
1
4
cardA(n+1)(d−c)n}
1
n+1: (3.20)
The proof for fuzzy number A having a heavy right tail is analogous.
International Scientiﬁc Publications and Consulting ServicesJournal of Fuzzy Set Valued Analysis
http://www.ispacs.com/journals/jfsva/2013/jfsva-00156/ Page 8 of 13
Corollary 3.1. Let A = (a;b;c;d) be a trapezoidal fuzzy number. Then if A has a heavy left tail,
Q2 = a+
√
(b−a)cardA ;
Q1 = a+
√
1
2
(b−a)cardA ;
Q3 =

      
      
√(3
2(b−a)cardA
)
+a; Q3 < b;
3
2cardA+b− b−a
2 ; b ≤ Q3 < c;
d−
√(1
2cardA(d−c)
)
; Q3 ≥ c:
(3.21)
Also, if A has a heavy right tail then
Q3 = d−
√
(
(d−c)
2
)cardA); (3.22)
Q2 = d−
√
(
(d−c)
2
cardA); (3.23)
Q1 =

      
      
√
(1
2(b−a)cardA)+a; Q1 < b;
cardA
4 +b− b−a
2 ; b ≤ Q1 < c;
d−
√
(3
2cardA(d−c)); c ≤ Q1 < Q3:
(3.24)
When Q2 is located outside the core of a fuzzy number A, it belongs to A with the membership grade less than 1.
Example 3.1. Let B = (0;10;11;12). Because
∫ 10
0 mB(x)d > 0:5 cardB, the left tail of B is heavy. Then
Q2=
√
(b−a)cardB=
√
(10−0)6:5 = 8:062;
mB(Q2) =
√
cardB
b−a
= 0:8062 :
Q1=
√
(b−a)
2
cardB=
√
32:5 = 5:701;
mB(Q1) =
√
cardB
2(b−a)
= 0:5701;
Q3=
√
3(b−a)
2
cardB=
√
97:5 = 9:874;
mB(Q3) =
√
3cardB
2(b−a)
= 0:987:
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Example 3.2. Let C = (0;2:5;3:5;4:5). Clearly,C is a trapezoidal fuzzy number with light tails. Then
Q2=
2:5+3:5
2
+0:5
(
1
2
−
2:5
2
)
=2:625;
mC(Q2) = 1;
Q1 = 1:854;
mC(Q1) =
(
Q1−a
b−a
)
= 0:7416:
Also, for 2:5 < Q3 < 2:5, we have:
Q3 = Q2+
1
4
cardC = 3:3125;
mC(Q3) = 1:
Here, we present an example from [5]. This example is not expressed in the form (a;b;c;d)n. Clearly, evaluation of
the quarters of this fuzzy number require more calculations.
Example 3.3. [5] Let fuzzy number D be described by the membership function
mD(x) =

  
  
g(x); x ∈ [0 ; 10);
1; x ∈ [10 ; 11];
−x+12; x ∈ (11 ; 12];
0; otherwise;
where
g(x) =
{
0:1
√
x ; x ∈ [0; 9);
0:7 x2−12:6 x+57; x ∈ [9; 10]:
Clearly, we have
cardD =
∫ 9
0
0:1
√
xdx+
∫ 10
9
(
0:7 x2−12:6 x+57
)
dx+
∫ 11
10
dx+
∫ 12
1
1(−x+12)dx =
1:8+0:533+1+0:5=3:833:
Because
∫ 10
0 mD(x)dx = 1:8+0:533 > 3:833
2 = 1:916 , the left tail of D is heavy and Q2 is in the interval (0;10): We
will determine the location of Q2 as follows:
∫ Q2
9
(
0:7 x2−12:6 x+57
)
dx=1:916−1:8=0:116 ;
Q2 = 9:353 ; mD(Q2) = 0:387 :
The membership grade of Q2 in D is small. This reﬂects the fact that the substantial part of the heavy left tail of D has
membership grades less than 0.4. Now, we determine the location of Q1 as follows:
∫ Q1
0
(
0:1
√
x
)
dx=
3:833
4
= 0:958 ⇒ Q1=
3 √
210:685;
mD(Q1) = 0:387;
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and the location of Q3 is given by ∫ Q3
0
mA(x)dx =
3
4
(3:833);
∫ 9
0
0:1
√
xdx+
∫ 10
9
0:7 x2−12:6 x+57dx+
∫ Q3
10
dx = 2:874;
hence
Q3 = 10:541:
According to [5], it is clear that the fuzzy number B from Example 3.1 and the fuzzy number D from Example 3.3
have the same support, the same core and the same right tail shape function. However, their quarters are different
because of the different left tail shape function.
Here, we want to deﬁne a new defuzziﬁcation for a given fuzzy number based on the center of gravity and the quarters
of a given fuzzy number. The center of gravity of the support of the fuzzy number A weighted by the membership
function, gA, and the center of the core of this fuzzy number, moA; are deﬁned as follows [15]
gA=
∫ d
a xmA(x)dx
∫ d
a mA(x)dx
;
moA =
b+c
2
:
Deﬁnition 3.2. Let A be a fuzzy number. Also, suppose that gA and Qi, i=1,2,3, are deﬁned as above. Then the
modiﬁed central value of A is given by
mcA =
gAA(gA)+Q2A(Q2)+Q1A(Q1)
A(gA)+A(Q2)+A(Q1)
;
for a fuzzy number with heavy left tails
mcA=
gAA(gA)+Q2A(Q2)+Q3A(Q3)
A(gA)+A(Q2)+A(Q3)
;
for a fuzzy number with heavy right tails
mcA=
Q1A(Q1)+Q2A(Q2)+Q3A(Q3)
A(Q1)+A(Q2)+A(Q3)
;
for a fuzzy number with light tails and equally heavy tails. Here, for convenience, we suppose A(x) = mA(x):
Example 3.4. Assume fuzzy numbers B;C;D from Examples 3.1-3.3. For fuzzy number B, we obtain
gB=
∫ 12
0 xmB(x)dx
∫ 12
0 mB(x)dx
= 7:615 ; mB(gB) = 0:7615:
From Example 3.1, we know that Q2 = 8:062, mB(Q2) = 0:8062 and Q1 = 5:701 , mB(Q1) = 0:5701. Therefore
mcB=
gAA(gA)+Q2A(Q2)+Q1A(Q1)
A(gA)+A(Q2)+A(Q1)
=7:269:
For fuzzy number C, we have
gC=
∫ 4:5
0 xmB(x)dx
∫ 4:5
0 mB(x)dx
= 2:545 ; mC(gC) = 0:2545 :
Also, in Example 3.2, we conclude that Q2 = 2:625, mC(Q2) = 1 and Q1 = 1:854, mB(Q1) = 0:7416. Therefore the
modiﬁed central value of C is
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mcC=
Q1C(Q1)+Q2C(Q2)+Q3C(Q3)
C(Q1)+C(Q2)+C(Q3)
=
7:312
2:7416
=2:667:
For fuzzy number D in Example 3.3, we obtain
gD=
∫ 11
0 xmD(x)dx
∫ 11
0 mD(x)dx
= 8:091; mD(gD) = 0:284; Q2 = 9:353; mD(Q2) = 0:387; Q1 = 5:95:
Also, from Example 3.3, we know that mB(Q1) = 0:224, and Q3 = 3:3125; mD(Q3) = 1. Therefore
mcD=
gD(gD)+Q2D(Q2)+Q1D(Q1)
A(gA)+A(Q2)+A(Q1)
=8:054:
Now, we recommend that the modiﬁed central value can be used as a defuzziﬁcation of a fuzzy number.
4 Ranking fuzzy numbers based on the modiﬁed central value of fuzzy numbers
According to previous section, we introduce a new approach for comparing the fuzzy numbers A and B by using
operator mc:. So, the ranking order of given fuzzy numbers, A and B, is determined based on the following rules:
1) if mcA > mcB, then A ≻ B;
3) if mcA = mcB, then A ≃ B.
Now, we illustrate the proposed method for ranking fuzzy numbers with an example.
Example 4.1. Assume fuzzy numbers B;C;D from Examples 3.1-3.3. According to Example 3.4, we have:
mcB = 7:269; mcC = 2:667; mcD = 8:054:
Since mcD > mcB > mcC, we conclude that D ≻ B ≻C.
5 Conclusion
In this paper, we deﬁned quarters of a fuzzy number and investigated the location of quarters in different types of
a fuzzy number. Also, we proposed a new approach for defuzziﬁcation of a fuzzy number based on quarters called
modiﬁed central value and compared the fuzzy numbers based on this defuzziﬁcation.
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